GeXin

Fublications

Journal of Comprehensive Pure and Applied Mathematics

On algebraic congruence varieties over semirings

Derong Qiu

School of Mathematical Sciences, Capital Normal University, Beijing 100048, P.R.China
Article Details

Article Type: Research Article

Received date: 11** September, 2024

Accepted date: 09" December, 2024

Published date: 11!* December, 2024

*Corresponding Author: Derong Qiu, School of Mathematical Sciences, Capital
Normal University, Beijing 100048, P.R.China.

Citation:Derong, Qiu., (2024). On algebraic congruence varieties over semirings. J
Compr Pure Appl Math, 2(1): 112. doi: https://doi.org/10.33790/cmap1100112.
Copyright: 2024, This is an open-access article distributed under the terms of the
Creative Commons Attribution License 4.0. Which permits unrestricted use, distri-
bution, and reproduction in any medium, provided the original author and source
are credited.

Abstract In this paper, we develop some foundations for a theory of algebraic
varieties of congruences on commutative semirings. By studying the structure of
congruences, firstly, we show that the spectrum Spec®(A) consisting of prime con-
gruences on a semirings A has a Zariski topological structure; Then, for two semir-
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ings A C B, we consider the polynomial semiring S = Alxy,--- ,z,] and the affine
n—space B™. For any congruence ¢ on S and congruence p on B, we introduce
the p—algebraic varieties Z,(0)(B) in B", which are the set of zeros in B of the
system of polynomial p—congruence equations given by o. When p is a prime con-
gruence, we find these varieties satisfying the axiom of closed sets, and forming a
(Zariski) topology on B™. Some results about their structures including a version of

Nullstellensatz of congruences are obtained.

Keywords:  Congruence of Semiring, algebraic variety, Nullstellensatz of
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1. Introduction

As known, ideals are very important in studying ring structure and the polyno-
mial equations over rings, and, in a commutative ring, the ideal and the congruence
corresponds to each other equivalently. Yet, in a commutative semiring, this changes,
and congruences seem to behave more natural than ideals.

Our motivation here is to consider the problem of solving polynomial equations over
semirings, like the same important problem in algebraic geometry on rings. We
focus on congruences, and try to develop some foundations for a theory of algebraic
varieties of congruences on commutative semirings. Firstly, we study prime congru-

ence, maximal congruence, congruence generated by a subset and a few other types



congruence, and obtain some results about their structures (see Prop.2.6, 2.10, 2.12,
2.13, 2.16, 2.19, 2.21, 2.23). In particular, we show that the spectrum Spec®(A)
consisting of prime congruences on a semirings A has a Zariski topological structure
(see Theorem 2.25). Then, for two semirings A C B, we consider the polynomial
semiring S = Alzy, -+ ,x,| and the affine n—space B™. For any congruence o on
S and congruence p on B, we introduce the p—algebraic varieties Z,(0)(B) in B",
which are the set of zeros in B” of the system of polynomial p—congruence equations
given by o (see Def.3.1). When p is a prime congruence, we find these varieties satis-
fying the axiom of closed sets, and forming a (Zariski) topology on B" (see Theorem
3.4). Some results about their structures including a version of Nullstellensatz of
congruences are obtained (see Prop.3.9, Theorems 3.7, 3.10, 3.11, 3.12).

These facts show one possible way among others to consider the problem of solving
polynomial (congruence) equations in semirings, they seem to be well corresponded
to the ones of classical algebraic geometry of ideals on commutative rings, yet in
a different background. Also, the results of (Zariski) topology for congruences and
varieties established here, might be useful in further study on some more deep ques-
tions about such as Sheaf theory, scheme on semirings.

Another possible application of this work, is about some questions in tropical ge-
ometry. One of the key connection might be the Nullstellensatz question. Recently,
in the tropical setting, an analogue of Hilbert’s Nullstellensatz has been extensively
studied and many interesting results about it have been obtained (see, e.g., [1-7]
etc.). In this paper, we provide a version of Nullstellensatz of p—algebraic varieties

on semirings. For an possible application in tropical geometry, it seems that the



radical of congruence used in this paper need to be improved, and we wish to con-
sider it in a future work.

There are more general version of algebraic equations than our congruence ones con-
sidered here. When we do some work on arithmetic problems in number theory, we
usually only need to consider the solution of positive integers even prime numbers.
So I ask myself a question that how to work on algebraic equations if there is no sub-
traction? and I come to realize that the usual polynomial equations can be viewed
as a special class of the general algebraic relations, which led to my consideration
of the present work. In fact, I learn that this is related to the context of universal
algebraic geometry and logical geometry (see, e.g., [8-12]).

Lastly, we need to give an explanation about the use of prime congruences here. Un-
like working with prime ideals on rings, when we study congruences on semirings,
we confront with several versions of prime congruences in the literature, and they
are usually used for different purposes. The prime congruences of Def.2.1(1) below
we use in this work based on our trying to find a suitable topology to do some ge-
ometry about the set of (congruence) zeros, i.e., the varieties, as shown in Theorem
3.4 below. It seems to us that not all the other version of prime congruences can
satisfy our demand here.

Notation. The sign C is used for inclusion of a subset, including the possibility of

equality. When we say that A is a proper subset of B, A ; B is intended.

2. The structure of congruences

Let (A,+,) be a semiring, that is, A is a non-empty set on which we have



defined operations of addition and multiplication satisfying the following four con-
ditions (see [14, p.1]): (1) (A,+) is a commutative monoid with identity element
0; (2) (A,-) is a monoid with identity element 1 # 0; (3) a(b+ ¢) = ab+ ac and
(a+b)c = ac+ be (Va,b,c € A); (4) 0a=0=a0 (Va € A).

The semiring A is commutative if the monoid (A, -) is commutative. In the follow-
ing, unless otherwise stated, the semiring always means a commutative semiring.
Now for a commutative semiring A, recall that a ( binary) relation on A is a subset
of Ax A (see [15, p.14]), and a relation p of A is a congruence if it is an equivalence
relation satisfying the following condition (see [14, p.4]):

(a,b),(c,d) € p= (a+c,b+d) € p and (ac,bd) € p (a,b,c,d € A).

So an equivalence relation p is a congruence on A if and only if p is a subsemiring of
A x A. The identity congruence on A is denoted by id4 = {(a,a) : a € A}. Let p be
a congruence on A, if p # A x A then it is called a proper congruence. Obviously,
p is not proper if and only if (1,0) € p. The quotient semiring of A by p is denoted
by A = A/p. For ¢ € A, we denote ¢ = ¢ modp € A. Moreover, for any positive
integer n and subset C' of A", where A" = {(ay, - ,a,) : a1, -+ ,a, € A}, we
denote C/p = {(c1, -+ ,C) : (c1,-++ ,¢,) € C} C (A/p)". For 0 # a € A, if there
exists an element 0 # b € A such that a - b = 0, then a is called a zero divisor of A.
If A contains no zero divisors, then A is called a semidomain. If A is a semidomain,
and (A \ {0}, ) is a multiplicative group, then A is called a semifield. For example,
(Z>o,+,-) is a semidomain, and (Qso, +, -) is a semifield, where Zs( (resp. Qx) is

the set of non-negative integers (resp. rational numbers).

Definition 2.1. Let A be a commutative semiring, and p be a congruence of



A such that p # A x A.

(1) If p satisfies the following condition:

for (a,b),(c,d) € Ax A, (ac+bd,ad + bc) € p= (a,b) € p or (¢,d) € p.

Then p is called a prime congruence.

(2) If p satisfies the following condition:

(ab,0) € p = (a,0) € por (b,0) €p (a,be A).

Then p is called a semi-prime congruence.

(3) If p satisfies the following condition:

for a congruence 7: pCTCAXA=717=porT=AxA.

Then p is called a maximal congruence.

(4) If p satisfies the following condition:

fora € A, (a,0) ¢ p= (ab,1) € p for some b € A.

Then p is called a semi-maximal congruence.

Note that there are several other definitions for prime congruences (yet their meaning
are not always the same) in the literature on semirings. The above Def.2.1(1) of

prime congruences is the same as in [2, 13]. We denote

Spec(A) = {p: pis a prime congruence of A},
Spec® (A) = {p: pis a semi-prime congruence of A},
Max“(A) = {p: p is a maximal congruence of A},

Max® (A) = {p: pis a semi-maximal congruence of A}.

And call Spec®(A) (resp. Spec® (A), Max®(A) or Max® (A)) the spectrum of prime

(resp. semi-prime, maximal or semi-maximal) congruences of A. Obviously, Spec®(A) C



Spec® (A).

Recall that an ideal I of a commutative semiring A is a non-empty subset I of
A which is closed under addition and satisfies the condition that if a € A and b € I
then ab € I. A prime ideal P of A is an ideal P which satisfies the condition that if
a-b€ Pthena € Porbe P (a,be A). Wedenote Z(A) = {all ideals of A}, £(A) =
{all equivalences of A} and C(A) = {all congruences of A}. For any non-empty sub-
sets S and T of A, we denote S+ T ={s+t: se€ S, teT}, S-T={st: se
S, teT}, and fora € Aja+S ={a+s: s€S}, a-5S={as: s e S} For
J € Z(A) and o € C(A), we denote p; = {(a,b) € AxA: a+J =0+ J} and

I,={a€A: (a,0) € g}.

Lemma 2.2. Let A be a commutative semiring. We have
(1) pseC(A) (VW €Z(A)); (2) I, € I(A) (Vo € C(A));
3) I,, cJ (VJeZ(A)); (4) pr, Co (Vo eC(A);
b5) JCJ =p;Cpy (J,J €L(A); (6) cCT=1,CI (0,7 €C(A)).
Proof. Follow directly from the definitions. [
Note that if A is a commutative ring (obviously it is also a commutative semiring),
then it is easy to see that I,, = J and p;, = o for all J € Z(A) and 0 € C(A). But
this property changes for a commutative semiring, i.e., the inclusions in the above
Lemma 2.2(3-4) may be strict in general for a commutative semiring A. For example,
let A = (Z>o,+,-) be the semidomain as above. Take the ideal J =2-Z>o = {2n:
n € Zxo}. Then it is easy to see that p; = ids. Hence I,, = {0} & J, ie, I,, G J.

Now take the congruence 0 = {(a,b) € Ax A: a =b (mod 2)} # ids. Then by

definition, I, = {a € A: a =0 (mod 2)} = J. So py, = p;y =ida G 0, ie., pr, G 0.
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From now on, we mainly study the congruences on commutative semirings.

For a congruence p # A x A on a commutative semiring A, it is easy to see that,

p is a semi-prime congruence < A/p is a semidomain;

p is a semi-maximal congruence < A/p is a semifield;

p is contained in a maximal congruence of A. In particular, A contains a maximal
congruence. Obviously, a semi-maximal congruence is also a semi-prime congruence.
Moreover, it is easy to see that the intersection of a family of congruences of A is also
a congruence. S0, for any relation R on A, there exists a unique smallest congruence
of A containing R, which is the intersection of all congruences of A containing R.

We denote it by R¢, and call it the congruence generated by R.

Definition 2.3. Let A be a commutative semiring. We use the operation

to denote the twisted product on A x A as follows (see e.g.,[1, 2, 13]):

(a,b) * (¢,d) = (ac+ bd,ad 4+ bc)  (V(a,b),(c,d) € A x A).

Then for every positive integer n, we define (a, b)* inductively as follows:

(a,b)** = (a,b), (a,b)*? = (a,b)* (a,b), -, (a,b)™ = (a,b)* ™1 % (a,b).

We also define (a,b)*® = (1,0).

Using this operation, the condition for a congruence p of A to be a prime congruence
is as follows: (a,b) * (¢,d) € p= (a,b) € por (¢,d) € p (a,b,c,d € A).

In the following, for two non-empty subsets S and T of A x A, we shall write

SxT={a€eAxA: a=(a,b)*(c,d) with (a,b) € S, (¢,d) € T}.

Lemma 2.4. Let A be a commutative semiring.

(1) = is associative: ((a,b) * (c,d)) % (e, f) = (a,b) * ((¢,d) * (e, f));



(2) * is commutative: (a,b) * (c,d) = (c, d) * (a,b);

(3) = is distributive: ((a,b) + (¢, d)) * (e, f) = (a,b) * (e, f) + (¢, d) * (e, f);
(4) (a,b) * (c,c) € idg;

(5) (a,b)*(1,0) = (a,b), (a,b)*(0,1) = (b,a), (a,b) = (0,0) = (0,0).

(6) for positive integers n, we have

o | (a,b)™ if 2| n , o (1,0) if2]n
(b,a)™ = { (a,b)" % (0,1) if 24p. 10Parteular, (017 =9"0 1) oy,
(a,b,c,d,e, f € A).

Proof. (1)~ (5) follow directly from the definitions, and (6) is proved by

induction. O

Remark 2.5. Let A be a commutative semiring. Then (A x A, +,%) is a
commutative semiring with additive zero (0,0) and multiplicative unity (1,0), and

the congruences on A may connect with the ideals of (A x A, 4, x).

Proposition 2.6. Let A be a commutative semiring, and n be a positive

integer. Then for (a,b), (c,d) € A x A, we have

o= (32 (o 32 (2o
((a,b) + (¢, d))"™" = (a+ c,b+d)™" zn:() (e, d) ).

1=

Proof. We use induction on n. The case for n = 1 is obvious. For the first equality,



assume it holds for n, then

(a, ) ™) = (a,b) % (a,b)"™ = (a,b) * ( i (’;) A" i <7) a” )

2|4, i=0 2ti, i=1
_ . N\ n+l1—ips - N\ n—ipitl - N\ n—izitl
_<Z(i>a b+z<i)a b, Z() b
2|4, i=0 2ti, i=1 2|4, i=0
= N\ np+l—ips
3 (1) e
24, i=1
_ - n+1\ 14, 1+ (1)t n+1 - n+1\ i1 i
= ( Z ( ; )a b + Tb ) Z ;e b
2, =0 2ti, i=1
1— (=1 n+1
+ ( 5 ) bn+1)
n+1 n+1
—( Z (” ‘Zi‘ 1) a1 Z (n ‘Zi‘ 1) "
2|4, i=0 2ti, i=1

So via the induction, the first equality holds for all positive integers n.

For the second equality, assume it holds for n, then

n

((a,b) + (¢, d)) ™ = ((a,b) + (c,d)) * > 7;) (a, b)* * (¢, d)* =

1=0

(
= Z ) D s (e, d) ) y (”) (a,b)"" x (c,d)* "+
_ i ")
(1)
+ (TZ > (a,b)* % (¢, d)* "V

n+1
_ Z (n —Zl— 1) (CL, b)*@ % (C, d)*(nJrlfi).
1=0

*7 * (C, d)*(n+1—i) + (n) (CL, b)*z % (C, d)*(n+1—i)
0

(a,0)
(a,b)*i * (C, d)*(n—i—l—i) + <

‘
<Z.
|

So via the induction, the second equality holds for all positive integers n. [

Definition 2.7. Let A be a commutative semiring and R be a relation of A.

We define R, = {(a,b) e Ax A: (a+c¢,b+c) € R for some c € A}.
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Lemma 2.8. Let p be a congruence on a commutative semiring A. Then p,

is also a congruence of A, and p; D p. Moreover, (p; )+ = p4.
Proof. Follows easily from the definition. [

Definition 2.9. Let p be a congruence on a commutative semiring A. We

define a radical of p by

Ve ={(a,b) € AxA: (a+c,b+c)™ € pfor some ¢ € A and some positive integer n}.
This can also be defined as follows, as pointed out by an anonymous expert:

Ve ={(a,b) € AxA: (a,b)"+(c,c) € pfor some c € A and some positive integer n},

which follows from the fact that (a+c+ 1,0+ c+ 1) = (a,b)*" + (¢, ¢) 4 (d, d) for
some d € A by the binomial expansion in Prop.2.6 above (note that (c+1,c¢+1)*" =
(c,;e) + ((2"'n = 1)c, (2" 'n — 1)¢) + (e, €) for some e € A). Obviously, p C /p.

Proposition 2.10. Let p be a congruence on a commutative semiring A.
Then /p is also a congruence on A. Moreover, (\/p)+ = /p-

Proof. Firstly, (a,b) € \/p < (b,a) € /p. In fact, if (a,b) € /p, then
(a+c,b+ )™ € p for some ¢ € A and some positive integer n. So (a + ¢, b+ ¢)*" *
(0,1) € p. Thus by Lemma 2.4 above, (b+ c,a +c)™ € p, so (b,a) € /p. and vice
versa. Next, if (a,b), (b,c) € \/p, then (a+e,b+¢)"™ € pand (b+ f,c+ f)™ € p for

some e, f € A and some positive integers m,n. Then by Lemma 2.4 and Prop.2.6
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above,

(ate+fib+re+ )™ =((at+eb+e)+(f, )™

m

(%) tateb ot (g
=0

m—1
=(a+eb+e)™+ Z (T) (a+eb+e)x(f, )™ ep
i=0
Similarly, (b4+e+f, c+e+f)*" € p. Write t = e+ f, then (a+t, b+t)*™, (b+t,c+t)™ €
p. Write s = b+ 2t € Aand k = m +n. For i = 0,1,--- ,k, if i > m, then
(a+t,b+1)* = (a+t,b+t)"x(a+t,b+1)* ™ € p. If i < m, then k—i > k—m =n,

so(b+t,c+t)F ) = (b4t,c4+ 1) (b+t,c+t)** ™ € p. Then

(a+s,c+8)"=(a+t,b+t)+ (b+t,c+t))™*

k
k . .
=D (Z> (a+t,b+8)" % (b+t,c+1) " ep
=0

So (a,c) € \/p. Also idy4 C p C /p. Therefore, \/p is an equivalence relation of A.

Next, let (a,b),(c,d) € /p. Then by definition, (a + e,b + €)*™ € p and (c +
frd+ f) € p for some e, f € A and some positive integers m,n. Write k =
m + n. By Prop.2.6 above, ((a +e,b+¢) + (c+ f,d+ f))* = Zf:o <l;> (a +
e,b+e) x (c+ f,d+ f)**) Fori=0,1,---,k, if i > m, then (a +e,b+e)* =
(a+eb+e)mx(a+eb+e) ™™ ¢ pifi < m,then k—i >k —m = n, so
(c+ fod+ [)*D = (c+ f,d+ )™« (c+ f,d+ f)**=) € p, which implies that
(a+eb+e)+(c+ fid+ ))* €p ie, (a+c+e+ fib+d+e+ f))* € p.

So (a + ¢, b+ d) € /p, ie., (a,b) + (c,d) € y/p. The remainder is to show that

(a,b) € \/p = (ac,bc) € \/p (Vc € A). Indeed, (a,b) € \/p = (a+e,b+e)*" € p for

12



some e € A and some positive integer n. Then by Prop.2.6 above,
((a+e)c,(b+e)e)™

=03 (1)@ o+ ey

2)i, i=0 Qh’ i=1

= ( Z (ZL) (a+e)" " (b+e), 2 1(7;) a+e)" " (b+e))

2/i, i=0
=" (a+eb+e)™ € p (here we write x - (y, 2) = (zvy,x2) (Vx,y,z € A)),

o (ac + ec,bc+ ec)™ € p, hence (ac,bc) € |/p. Therefore, \/p is a congruence. To
show that (y/p)+ = /p, firstly, by Lemma 2.8 above, \/p C (y/p)+. Conversely, if
(a,b) € (\/P)+, then (a+c,b+c) € \/p for some c € A. So (a+c+d, b+c+d)*" € p for
some d € A and some positive integer n, i.e., (a+e,b+¢e)" € pwithe =c+d € A,

o (a,b) € \/p, and so (y/p)+ C /p. Therefore (y/p);+ = /p, and the proof is

completed. [

Definition 2.11. Let A and p be as in Def.2.9 above.
(1) If \/p = p, then p is called to be a radical congruence on A.
(2) If \/p = p4, then p is called to be a quasi-radical congruence on A.
(3) Denote Ry(A) = {(a,b) € Ax A: (a,b)™ € id4 for some positive integer n}
and ppi(A) = Ru(A) 4, then pu(A) = v/idy4, and puy(A) is called to be the nilpotent

congruence of A.

Proposition 2.12. Let A be a commutative semiring. Let p, p; and ps be
congruences on A.
(1) pr Cp2=/p1 C\/pz and (p1)4 C (p2)+.  (2) pt C /b
) \/ﬁ = /p = /p+. Particularly, \/p is a radical congruence on A.
4) (a,b), (b,c) € Ru(A) = (a,c)** + (e,e) € idy for some e € A and some

13



positive integer k.
(5) If p is a prime congruence, then /p = p,, i.e., p is a quasi-radical congruence.
If the prime congruence p satisfies p = p,, then p is a radical congruence.

Proof. (1) and (2) follow directly from the definitions.
(3) Since p C /p, we only need to show that /\/p C \/p. Let (a,b) € \/\/p, then
(a,b)*™ + (c,c) € \/p for some ¢ € A and some n € Zq. So ((a,b)*" + (c,c))™ +
(d,d) € p for some d € A and some m € Z~q. By the binomial expansion in Prop.2.6
above, we get ((a,b)*™ + (c,c))™ = (a,b)* ™ + (e,e) with e € A, which implies
(a,b)e\/ﬁ,soﬁ:\/ﬁ.AlsopCerC\/ﬁ,so\/ﬁC\/ﬂc ﬁ,amdso
NN

(4) Follows from the above Prop.2.6 and Lemma 2.4.
(5) Follows from the definition. The proof is completed. [
Recall that the semiring A satisfies the additive annihilation law if a+c=b+c =

a=">b(a,b,c € A). For example, (Z>¢,+, -) satisfies the additive annihilation law.

Proposition 2.13. Let A be a commutative semiring satisfying the additive
annihilation law. Then pn(A) = Ruin(A), and pnia(A/pan(A4)) = id.

Proof. Follows from the above Prop.2.6 and Prop.2.10. [J
For a commutative semiring A, if R,j(A) = ida, then A is called to be reduced. If
Pnil(A) = idy4, then A is called to be strongly reduced. obviously, strongly reduced
= reduced. We denote M.(A) = Ruu(A)¢, which is the congruence of A generated by
the relation Ry;(A), and call M. (A) the quasi-nilpotent congruence of A. Obviously,

Pnit(A) D N.(A), also, A is reduced if and only if M.(A) = id4.

14



Now for two relations R and R’ on a non-empty set S, recall that their product
Ro R ={(a,¢c) € SxS: 3be S such that (a,b) € R and (b,c) € R'},

and the inverse R~ = {(a,b) € Sx S: (b,a) € R} (see [15, pp.14, 15]). Obviously,
for relations R, Ry,--+ ,R,, R, R” on S, one has (R")™' =R; (Rjo---0R,) ! =
Rlo---oRf%Y RCR=R'CR ', RoR'"CRoR and R"oRC R'o R

As in [15], for any relation R on S, we denote its transitive closure by R*°, which is
defined by R* = U* | R", where R" = Ro---0o R. It is well known that R* is the
smallest transitive relation on S containing B? (see [15, p.20]). Also, we denote by R®
the equivalence on S generated by R, i.e., the smallest equivalence on S containing
R. Then R¢ = (RU R ' Uidg)>™ (see [15, p.20]). Moreover, (z,y) € R® < x =y or
for some positive integer n there exists a sequence r = 2y — 2o — -+ — 2, = y in
which for each ¢ € {1,2,--- ,n — 1} either (z;,2,41) € R or (2;41,2;) € R (see [15,

p.21]).

Definition 2.14. Let A be a commutative semiring, R be a relation on A,

and E be an equivalence relation on A. We define the relations

RY = {(ax +y,bx+7): (a,b) € R,xz,y € A}, and

B ={(a,b) € Ax A: (ax +y,br+y) € E for all z,y € A}.
Since 0,1 € A, we have R C RE. Also, p* = p for any congruence p of A.

Lemma 2.15. Let A be a commutative semiring, R; and R, be two relations
on A, and F be an equivalence relation on A. We have
(1) BiC Ry (2) (BRY)™'=(R{)Y (3) RiC Re= Ry C Ry;
4) (RD)"=R{;  (5) (R1URy)" = R{URy;
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(6) Ry = RLif and only if R, satisfies the following condition:
(a,b) € Ry = (ax,bx),(a+y,b+y) € Ry (Vz,y € A).
(7) Ry = RI = R} = (R})* for all positive integer n.
(8) E” is the largest congruence on A contained in E.

Proof. Follow easily from the definitions. [

Proposition 2.16. Let R be a relation on a commutative semiring A. Then

R¢ = (RV)¢, where R° is the congruence of A generated by R as before.

Proof. By definition, (R*)® is the equivalence on A generated by RY. Denote
S = RFU(R¥)"' Uidya, then (RF)® = S (see [15, p.20]). By Lemma 2.15 above,
S = (RUR'Uida)¥, so S = S, and so S™ = (S™) for all positive integers n. Now
for any (a,b) € (R)¢, by the above discussion, (a,b) € S™ for some positive integer
n. Since S™ = (S™)¥, by Lemma 2.15 above, (az,bx) € S™ and (a + y,b+y) € S™,
hence (az, bz), (a+y, b+y) € (RF)¢ (Va,y € A). In particular, if (a,b), (¢,d) € (R")®,
then (a+c,b+c) € (R¥)® and (b+c,b+d) € (RY)¢, so (a+c,b+d) € (RF)e. Hence
(RE)¢ is a congruence of A containing R. Now let p be a congruence of A containing
R. Then by Lemma 2.15 above, RF C pl' = p. So (RF)¢ C p¢ = p, which shows that

R¢ = (RF)¢, and the proof is completed. [

Corollary 2.17. Let R be a relation on a commutative semiring A. Then for
a,b € A, (a,b) € R° if and only if a = b or for some positive integer n there exists a
sequence a = z; — 29 — -+ - — 2z, = b in which for each i € {1,2,--- ,n — 1} either
(24, zi11) € R or (2i41,2) € RE.

Proof. Follows from the above Prop.2.16 (see [15, p.21]). O
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Let R and p be a relation and a congruence on a commutative semiring A, respec-

tively. Recall that R/p = {(ap,bp) : (a,b) € R} ={(a,b) € A/pxA/p: (a,b) € R}

is a relation on the quotient semiring A = A/p. If idy C R C p, then R/p = id.

Corollary 2.18. Let R and p be a relation and a congruence on a commutative
semiring A, respectively. Then R¢/p = (R/p)c on A= A/p.

Proof. Follows from the above Cor.2.17. [
For a commutative semiring A, recall that £(A) and C(A) denote the set of all
equivalences and the set of all congruences on A, respectively. It is known that both
(E(A),C,A,V) and (C(A),C,A,V) are complete lattices (for lattice, see e.g.,[15,
p.12)): if p,o € E(A), then p Ao = pNo is their intersection, while pV o = (pUo)e.
Similarly, for p,o € C(A),pAo =pNoand pVo = (pUc) = ((pUc)l)® = (pUo)®
follows by Lemma 2.15 and Prop.2.16 above. So the join of p and ¢ in C(A) coincides
with their join in £(A). Both £(A) and C(A) have the maximum element A x A and

minimum element id 4.

Proposition 2.19. Let p and o be two congruences on a commutative semiring
A. Then pV o = (po o). In other words, for a,b € A, (a,b) € pV o if and only

if for some positive integer n there exist elements x1,zg, -+ , 2,1 € A such that
(a,x1) € p, (x1,22) € 0, (x2,23) € p,- -+, (Top_2, Ton_1) € p, (T2—1,b) € 0.

Proof. Follows from Prop.2.16 above. [

Corollary 2.20. If p and ¢ are two congruences on a commutative semiring
A satisfying poo =co0p. Then pVo=poo.

Proof. Follows from Prop.2.19 above. [
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For example, if A is a semifield and p,o € C(A), then poo =0cop,s0 pVo =poo.

Proposition 2.21. Let A be a commutative semiring. For a,b € A, denote
R(a,b) ={(ax+ by + 2z, bz +ay + 2) : z,y,z € A} = (a,b) * (A x A) +id4.

Then R(a,b), (as defined in Def.2.7 above) is a congruence on A, and R(a,b) C p C
R(a,b)y C py with p = {(a,b)}".

Proof. Obviously, ida C R(a,b). Also, if (u,v) € R(a,b)4, then (u+s,v+s) €
R(a,b) for some s € A, so (u+s,v+s) = (ax+by+z, br+ay+z) for some x,y, z € A,
so (v+s,u+s)=(ay+br+zby+axr+z) € R(a,b), so (v,u) € R(a,b);. Now let
(u,v), (v,w) € R(a,b)+. Then (u+s,v+s), (v+t,w+t) € R(a,b) for some s,t € A,
so (u+s,v+s) = (ax+by+z,br+ay+z) and (v+t, w+t) = (ax’+by'+2', bx’+ay'+2")
for some z,y, z, o', ¢y, 2/ € A. Then (u+s+t,v+s+t) = (ax+by+z+t, br+ay+z+t),
and (v+s+t,w+s+t) = (ax’ +by +2' + 5,02’ +ay +2' +5s). Writed =v+s+t =
br+ay+z+t = ax’+by'+2'+s, then u+s+t+d = a(z+2")+b(y+y')+2+2" +s+t, and
w+s+t+d =b(z+a)+aly+y)+z+2"+s+t. So (u+s+t+d, w+s+t+d) € R(a,b),
and so (u,w) € R(a,b),. Therefore, R(a,b), is an equivalence on A. Next, let
(u,v), (W,v") € R(a,b)y, then (u+ s,v + s), (v + §',v" + ') € R(a,b) for some
s, € A.So (u+s,v+s) = (ax + by + z,br +ay + z) and (v + 5,0 + ) =
(ax’ 4+ by’ + 2/, bx' + ay’ + 2') for some x,y, z,2', ¢y, 2" € A. Hence (u+u' +s+ s, v+
Vts+s)=(alz+2)+by+y)+z+7blx+2")+aly+y)+2+2) € R(a,b), so
(u,v) 4+ (u/,v") = (u+u',v+v") € R(a,b),. Moreover, for (u,v), s, z,y, z above, let
t € A, then (ut + st,vt + st) = (a(tx) + b(ty) + tz,b(tx) + a(ty) + tz) € R(a,b), so
(ut,vt) € R(a,b),. Therefore, R(a,b), is a congruence on A. The inclusion R(a,b) C

p follows from Cor.2.5 above. The remainder can be verified directly, and the proof
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is completed. [

Lemma 2.22. Let A be a commutative semiring and p be a congruence on
A. let (a,b),(c,d) € Ax Aand c =2 — 29 — -+ — 2z, = d (n > 2) be a sequence
in A. If (a,b) % (2, zi41) € py foralli € {1,2,--- ,n— 1}, then (a,b) * (¢,d) € p,.

Proof. By Lemma 2.8 above, p; is a congruence on A, and (p;)s = p;.
Write t = azy + bzo, then from (a, b) * (21, 22) € py and (a,b) * (22, 23) € p4+, we have
(az1+bzs+t,azs+bz +1t) = (a,b)* (21, 22) + (a, b) % (22, 23) € py, so (azy+bzs, azs+
bz1) € (p+)+ = p+, Le, (a,b) % (21, 23) € py. Then, from (a,b) * (21, 23) € p; and
(a,b) * (z3,24) € py, we also have (a,b) * (21, z4) € py, and so on. After finite steps,

we get (a,b) x (21, 2,) € py, L.e., (a,b) x (¢,d) € py. The proof is completed. [

Proposition 2.23. Let A be a commutative semiring and p be a maximal
congruence on A. If p = p,, then p is also a prime congruence.

Proof. Let (a,b),(c,d) € A x A be such that (a,b) * (¢,d) € p. If (c,d) ¢ p,
then we need to show that (a,b) € p. To see this, let R = {(¢,d)} U p, then R
is a relation on A and R 2 p. So R° 2 p, and so R = A x A because p is
maximal. In particular, (1,0) € R¢ By Cor.2.17 above, there exists a sequence
1 =2 — 2 — -+ — z, = 0 in which for each i € {1,2,--- ,n — 1} either
(25, 2i41) € RE or (2i41,2) € RE. By Lemma 2.15 above, R = ({(¢,d)} U p)t =
{(c,d)}r U pt = {(c,d)}* U p because p* = p. By definition, {(c,d)}* = {(cx +
y,dr+y): z,y € A}. So Rl = {(cz +y,dv+vy) : z,y € A} Up. As above, for each
i€ {1,2,--- ,n— 1} either (2, 2;11) € R or (2;41,2) € RE.If (2;,2;41) € RE, then

(2, ziv1) € p or (z;, 2zi41) = (cx; + y;, dx; + y;) for some x;,y; € A. If (25, 2i41) € p,

19



then (a,b) * (2, zi11) € p. I (24, 2i11) = (cxi + i, dx; + y;), write t = ay; + by; € A,
then (a,b)*(z;, zi11) = (a,b) * (cx; +y;, dv; +v;) = (acx; +bdx; +1, adx; +bex; +t) =
((a,b) * (c,d)) - (zi,z;) + (£, 1) € p. So (24, 2i41) € RE = (a,b) * (24, zi11) € p.
Similarly, (z;11, 2:) € RY = (a,b) * (zi41, 2i) € p.

Note that (a, b) * (241, 2:) = ((a,b) * (2, zi41)) % (0, 1). So the above discussion shows
that (a,b) % (z;, 2i11) € p for all i € {1,2,--- ,n — 1}. By our assumption, p = p,.
Hence by Lemma 2.22 above, we get (a,b)*(1,0) = (a,b)*(z1, z,) € p, i.e., (a,b) € p.

Therefore, p is a prime congruence on A, and the proof is completed. [

A question. [s a maximal congruence in a commutative semiring always

prime?

As known, in [2] it is shown that maximal congruences are always prime in an

additively idempotent semiring.

Definition 2.24. Let A be a commutative semiring and ¢ be a congruence

on A. We define V°(0) = {p € Spec®(4) : p Do}

Theorem 2.25. Let A be a commutative semiring.
(1) If oy and oy are two congruences on A, then V(o) UV ®(09) = V(a1 N 0ay).
(2) If {04 }aea is a family of congruences on A, then NyeaV°(0,) = V°(0), where
0 = (Uaea0q)C is the congruence on A generated by the set Uyepog.
(3) Ve(id4) = Spec(A) and V(A x A) = 0.

Proof. (1) Since o1 Noy Co; (i =1,2), V(o1 Nog) D Ve(a;) (i =1,2), so
V(o Nay) D Ve (o) UVe(ay). Conversely, if p € V°(oy Nay), then p D o1 Nos.

If p 2 o1, equivalently, p ¢ V°(oy), then there exists an element (a,b) € oy,
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but (a,b) ¢ p. Now for any (c,d) € o9, we have (ac,ad) € o9. Also (d,c) € oa,
so (bd,bc) € oy, and then (ac + bd,ad + bc) € o9, ie., (a,b) % (¢,d) € 09, also
(a,b) % (¢,d) € o1, so (a,b) % (¢,d) € o1 Noy C p, which implies that (¢,d) € p
because p is prime. So gy C p, i.e., p € V(0y). This shows that V°(o; Noy) C
Ve (o) UV(02), and the equality holds.

(2) p € NueaV®(0,) & p € V¥ o,) Va € A) & p Do, (Va € A) & p D
UaerTa < p € V(o) with 0 = (Uneroa)®.

(3) Obvious. The proof is completed. [

From Theorem 2.25 above, the set of V(o) for all congruences o on A satisfies the
axiom of closed subsets, and give a topology on Spec®(A), which is called the Zariski
topology on Spec®(A). A subset of Spec®(A) is equipped with the subspace topology
induced from the Zariski topology on Spec®(A). In the following section, a (Zariski)

topology will also be constructed for the congruence algebraic varieties.

3. Zeros of polynomial congruence equations

Let A and B be two commutative semirings with A C B. Let A[zy,--- ,x,] be
the commutative semiring of polynomials in n variables over A (see [14, p.3]). Let
B" = {(by,--- ,by) : by,---,b, € B} be the affine n—space over B. An element
P € B™ will be called a point, and if P = (by,--- ,b,) with b; € B, then the b; will

be called the coordinates of P.

Definition 3.1. For the commutative semirings A C B as above, write

S =Alxy, - ,x,]. let T C S xS be anon-empty subset, and let p be a congruence
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on B. Then we define
Z,(T)(B) = {P € B": (f(P),g(P)) € p for all (f,g) € T},

and call Z,(T")(B) the p—zero set of T'in B™. In particular, if p = idp is the identity
congruence on B, then Z,(T")(B) is the set of solutions (i.e. common zeros) of the
system of polynomial equations {f = g (V (f,g) € T)} in B™. In the following, we
will call {(f,9) € p (V (f,g) € T)} a system of polynomial p—equations. A subset
Y of B™ will be called an p—algebraic variety over A if there exists a non-empty

subset ' C S x S such that Y = Z,(T)(B).

Remark 3.2. The motivation here comes from algebraic varieties (see [16,
Chapter 1]). As we know, one of the main problem of algebraic geometry is to
solve polynomial equations in rings. Let A and B be two commutative rings with
A C B, {fa}taer C Alxy, - ,x,)], the solutions in B™ of the system of polynomial
equations f, = 0 (o € A) is then the set Z(f,)aca(B) ={P € B": fo(P) =0 (Va €
A)} (see [16, p.2, 17, p.10]). By using the identity congruence idp on B, this set
can be rewritten as Z(f,)aea(B) = {P € B": (fu(P),0) € idp (Va € A)}. So it is
natural to consider the polynomial questions in semirings, in a sense of congruence,
generalizing the identity congruence (i.e. equality), as stated in the above Def.3.1.
Note that, in a ring, the equation f = g can be always changed to be f —g =0, i.e.,
the form h = 0. The case for the system of polynomial equations (f, = ga)aca 18
similar. But, this is not true in a semiring, because usually there is no subtraction
in a semiring. One can also consider the polynomial congruence equations or other
related congruence equations in non-commutative semirings, yet it may be more

complicated. Here we only consider the case of commutative semirings.
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Lemma 3.3. Let A, B,p and S = Alxy,---,z,] be as in Def.3.1 above.
Assume p # B x B. Then we have
(1) Z,((0,1)(B) = 0, and Z,((f, £))(B) = B" (¥f € 9).
(2) Let Ty and T, be two non-empty subsets of S x S, then
Z,(Th)(B)U Z,(T2)(B) C Z,(T1 % T5)(B), where T} * T} is defined as Def.2.3 above.
(3) The intersection of any family of p—algebraic varieties is an p—algebraic variety.
Proof. (1) Obvious.
(2) Let P € Z,(T1)(B), then (f1(P), 1(P)) € p, also (g1(P), fi(P)) € p (V(f1,91) €
T1). Now for any a € Ty T, by definition, o = (f1, g1)*(f2, g2) for some (f1,¢91) € T3
and (f2,92) € To. So a(P) = (fi(P), 1(P)) * (f2(P),92(P)) = (f1(P)fo(P) +
91(P)g2(P), [1(P)g2(P)+ f2(P)g1(P)) = f2(P)(f1(P), 91(P))+92(P)(91(P), [1(P)) €
p, and so P € Z,(Ty « T5)(B), which shows that Z,(71)(B) C Z,(T * T3)(B). Simi-
larly Z,(T3)(B) C Z,(Ty « T»)(B).
(3) fY, = Z,(T,)(B) is any family of p—algebraic varieties, then NY,, = Z,(UT,,)(B),

so NY, is also an p—algebraic variety, and the proof is completed. [J

Theorem 3.4. Let A, B and S = Alzq,---,x,] be as in Def.3.1 above. If
p € Spec’(B) is a prime congruence on B, then for the p—algebraic varieties in B"
over A, we have
(1) The union of two p—algebraic varieties is an p—algebraic variety;
(2) The intersection of any family of p—algebraic varieties is an p—algebraic variety;
(3) The empty set ) and B™ are p—algebraic varieties.

Proof. (1) If Y, = Z,(11)(B) and Y, = Z,(13)(B) for some 17,1, C S x S,

then by Lemma 3.3 above, YUY, C Z,(T1%15)(B). Conversely, if P € Z,(T1*T5)(B),
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and P ¢ Y, then there is an element (f1,91) € T} such that (fi(P),g1(P)) ¢ p.
On the other hand, for any (fs,92) € Ts, we have (f1,91) * (f2,92) € Ty % T3, so
((f1,91) * (f2,92))(P) € p, Le., (f1(P), g1(P)) % (f2(P), 92(P)) € p, which implies
that (f2(P),g2(P)) € p since p is a prime congruence, so that P € Y5. Therefore
YUY, = Z,(Th «T,)(B) is an p—algebraic variety.

(2) and (3) follow from Lemma 3.3 above, and the proof is completed. [

Definition 3.5. Let A, B and S = Alxy, - ,z,] be as in Def.3.1 above. If
p € Spec®(B) is a prime congruence on B, then by Theorem 3.4 above, the set of all
p—algebraic varieties in B" over A satisfies the axiom of closed subsets, and give a
topology 7, 4 on B", i.e., a subset X of B" is open in 7, 4 if and only if its complement
B™\ X is an p—algebraic variety. 7, 4 will be called the Zariski p—topology on B™.
For such p, a subset of B™ is equipped with the subspace topology induced from
Tp,4- An p—algebraic variety X of B" is irreducible if it can not be expressed as the

union X = X; U X5 of two proper subsets, each one of which is closed in X.

Definition 3.6. Let A, B,p and S be as in Def.3.1 above. For any subset

Y C B", we define

pe(Y)=A{(f,9) € SxS: (f(P),g(P)) € pforall PeY}.

Obviously, pp(Y) is a congruence on S.

Theorem 3.7. Let A, B,p and S = Alzy,--- ,x,] be as in Def.3.1 above.
(1) If Ty C Ty are subsets of S x S, then Z,(T})(B) D Z,(1T3)(B).
(2) T C S xS, then Z,(T)(B) = Z,(T°)(B) and T C pp(Z,(T)(B)).

(3) If Y7 C Y5 are subsets of B", then pgp(Y1) D pp(Ya).
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(4) For any two subsets Y7, Y of B, we have pp(Y1 UY3) = pp(Y1) N pp(Ya).
Proof. (1) and (3) follow easily from the definitions.
(2) T C pp(Z,(T)(B)) follows directly from the definition. For the equality, Since
T C T° by (1), Z,(T°)(B) C Z,(T)(B). Conversely, let P € Z,(T)(B), then
(hi(P), ha(P)) € p for all (hy,hy) € T. For any (f,g) € T¢, by Cor.2.17 above,
f = g or for some positive integer n there exists a sequence f = f; — fo —
- — f, = g in which for each i € {1,2,--- ,n — 1} either (f;, fix1) € T* or
(fis1, i) € T If f = g, then obviously (f(P),g(P)) € p. If (fi, fiy1) € TE, then
(fis fix1) = (aigi + hs, big; + hy) for some (a;,b;) € T and some g;, h; € S. By the

choice of P, (a;(P),b;(P)) € p, so

(fi(P), fisr(P)) = (a:(P)gi(P) + hi(P), bi(P)gi(P) + hi(P))

= (a;(P),b:(P)) - (9:(P), 9:(P)) + (hi(P), hi(P)) € p.
Similarly, if (fir1,f;) € T, then (fis1(P), fi(P)) € p, which also implies that
(f(P), fi1(P)) € p because p is a congruence. So for the above sequence, we
always have (f;(P), fr1(P)) € p for alli € {1,2,--- ,n — 1}, that is,
(f1(P), f2(P)), (f2(P), f3(P)), -, (fa1(P), fu(P)) € p,
s0 (f1(P), fa(P)), ie., (f(P),g(P)) € p. This shows that (f(P),g(P)) € p for all
(f.g) € T¢, hence P € Z,(T°)(B), which implies that Z,(T)(B) C Z,(T)(B).
Therefore, Z,(T)(B) = Z,(T°)(B).
(4) By (3), pp(Y1UY2) C pp(Yi) (i =1,2), s0 pp(Y1UY2) C pp(Y1) N pp(Y2). Con-
versely, if (f,g) € pp(Y1) N pp(Y2), then (f(P),g(P)) € p for all P €Y; (i = 1,2),
i.e., (f(P),g(P)) € pforall PeY,UYs, s0 (f,g) € pp(Y1UYs), which implies that
p5(Y1)Npp(Y2) C pp(Y1UYs). Therefore, pp(Y1 UY2) = pp(Y1) N pp(Y2). The proof
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is completed. [

Lemma 3.8. Let A,B,p and S = Alxy,--- ,x,| be as in Def.3.1 above. For

f,g € S, P € B" and positive integer m, we have
(f;9)™(P) = (f(P),g(P))™ € B x B (here we write (f,g)(P) = (f(P),9(P))).

Proof. By Prop.2.6 above,

(f,g)™ = (zi;o (Tf) g Qé:l (T) fm'g), so
(F,9)™(P) - <Ii (") ser-scey, ;mj (1) ser-iacey)

= (f(P),g(P))"™.

The proof is completed. [

Next, we will state a version of Nullstellensatz for congruences. For this, we
need write some notations. Let A be a commutative semiring and € be a congruence
on A. Let S = Alxy, -+ ,z,] be the commutative semiring of polynomials in n
variables over A. For two monomials az’ - - - % and bz’ - -z (a,b € A iy, -+ i, €

Z>y), we denote

axl - g = brt -z (mod 0) if (a,b) € 6.

In general, for two polynomials f = Ya;,..;, ' - -z'» and g = Xb;,..; 2] -+ xi» in

S, we denote f = g (mod @) if all the corresponding coefficients a;,..;, and b;,..;,
satisfy (a,..i,, biy..i,) € 0. If f = g (mod 0), then obviously (f(P),g(P)) € 6 for all

P e A" where A" is the affine n—space over A as before.

Now for the semirings A, B,S = Alxy, - ,z,| and the congruence p of B in
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Def.3.1 above, let o be a congruence on S, we define

Vo/p={(fi,f2) € SxS: f; = gi(mod\/p) (i = 1,2) for some (g1, g2) € /7 }.

By definition, obviously /o C \/a_/p, and if /p = id is the identity congruence,
then \/o_/p = /0. In general, it is easy to see that the relation \/a_/p on S satisfies
almost all the properties of a congruence except the transitivity, that is, it might
not be transitively closed, so it might not be a congruence. Recall that (/o /p)¢ is

the congruence on S generated by the relation /o /p.

Proposition 3.9. Let A, B,p and S = Alzy,--- ,x,] be as in Def.3.1 above.

Then for any congruence o on S, we have (\/a/p)° C (\/p)s(Z,(0)(B)).

Proof. Since the right-hand side of the inclusion is a congruence, we only

need to show that \/o/p C (y/p)g(Z,(0)(B)). let (f,g) € \/o/p, then there is
an element (fi,g1) € /o such that f = fi(mod,/p) and g = g¢i(mod,/p). By

definition, (f; + h,g1 + h)*™ € o for some h € S and some positive integer m.
For any P € Z,(0)(B), (fo(P),g0(P)) € p for all (fy,90) € o, so in particular,
(fi + h,g1 + h)*™(P) € p. Then by Lemma 3.8 above, (f1(P) + h(P),g1(P) +
h(P))™ = (fi + h,g1 + h)™(P) € p, so (f1(P),q1(P)) € /p. which implies that
(F(P),g(P)) € 7 because (f(P), i(P)) € 7 and (g(P), g1(P)) € \/p. Hence

(f.9) € (/p)B(Z,(0)(B)), and the proof is completed. O

The Example 3.13 below gives some indication that the equality in the above

Prop.3.9 might hold. So we have the following question

A question about Nullstellensatz of congruences Under what conditions

can the equality (\/o/p)° = (\/p)B(Z,(c)(B)) hold ?

27



As pointed out by an anonymous expert, recently, motivated by tropical geom-
etry, several versions of the Nullstellensatz question have been raised and answered
for the tropical polynomials focusing on the case of additively idempotent semirings
(see, e.g.,[1, 2]). There are other approaches were taken on this question in the

literature (see, e.g. [3-7]).

Theorem 3.10. Let A, B,p and S = Alxy,- - ,z,] be as in Def.3.1 above. If
p € Spec®(B) is a prime congruence on B. Then for any subset Y C B", we have

Z,(pp(Y))(B) =Y, the closure of Y in B" with the Zariski p—topology 7, .

Proof. Let P € Y, then (f(P),g(P)) € p for all (f,g) € pp(Y), so P €
Z,(pp(Y))(B). Thus Y C Z,(pp(Y))(B). Since Z,(pp(Y))(B) is closed, we get
Y C Z,(pp(Y))(B). On the other hand, let W be any closed subset containing Y.
Then W = Z,(0)(B) for some congruence o on S. So Z,(0)(B) D Y. By Theorem 3.7
above, 0 C pp(Z,(0)(B)) C pp(Y). So W = Z,(0)(B) D Z,(ps(Y))(B). Therefore,

Z,(pp(Y))(B) =Y, and the proof is completed. ~ [J

Theorem 3.11. Let A, B,p and S = Alzy, -+ ,x,] be as in Theorem 3.10
above. Let Y C B™ be an p—algebraic variety. If Y is irreducible, then pg(Y) is a

prime congruence on S.

Proof. Let (fi1,01),(f2,92) € S x S. If (f1,91) * (f2,92) € pp(Y), then by
Theorems 3.7 and 3.10 above, Z,((f1,91) * (f2,92))(B) D Z,(pp(Y))(B) = Y =
Y. From the proof of Theorem 3.4(1) above, we have Z,((f1,g1) * (f2,92))(B) =

Zo((J1,91)(B) U Z,((f2,92))(B), s0 Y C Z,((f1,91))(B) U Z,((f2,92))(B). Thus

Y = Y N Z,((f1,90))(B)) U Y N Z,((f2,92))(B)), both being closed subsets of
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Y. Since Y is irreducible, we have either Y =Y N Z,((f1,91))(B), in which case
Y € Z,((f1,91))(B), or Y C Z,((f2,92))(B). So by Theorem 3.7 above, (f1,01) €

pe(Zp((f1,9))(B)) C pp(Y), ie., (fi,q1) € pa(Y), or (f2,92) € pp(Y), and so

pp(Y) is a prime congruence. The proof is completed. [

Let A, B be two commutative semirings, and ¢ be a homomorphism from A
to B, ie., ¢ : A — B is a map such that ¢(0) = 0,¢(1) = 1, and for all a,b €
A, d(a+b) = ¢(a)+¢(b) and ¢p(ab) = ¢(a) - ¢(b). Then the kernel kerg = {(ay, as) €
Ax A: ¢(ay) = ¢(az)} is a congruence on A, and ¢ induces a unique injective
homomorphism, say ¢ : A/ker¢ — B such that ¢ = ¢ on, where n: A — A/ker¢ is
the natural surjective homomorphism. Moreover, via such ¢, B is an A—semimodule,
hence an A—semialgebra. In general, for a commutative semiring A, a set B is an
A—semialgebra if B is both a commutative semiring and an A—semimodule such
that a(bc) = (ab)c = b(ac) (Ya € A,b,c € B). For two A—semialgebras B and C,
amap ¢ : B — (' is an A—semialgebra homomorphism if ¢ is both a semiring
homomorphism and an A—semimodule homomorphism. We let Hom (B, C) to
denote the set of all A—semialgebra homomorphisms from B to C.

Now come back to our semirings A C B and S = Alxy,--- ,x,] as in Def.3.1 above.
Let p be a congruence on B, and T" C S x S be a non-empty subset. Recall that
T¢ is the congruence on S generated by 7. Then it is easy to see that both the
quotient semirings S/T° and B/p are A—semialgebras. Recall that for a subset Y

of B*, Y/p=A{(c1,--- ,e) : (c1,--+,¢c,) €Y} C B"/p with ¢ = ¢; modp € B/p.

Theorem 3.12. Let A,B and S = Alxy, -+, 2, be as in Def.3.1 above.

Let p be a congruence on B, and T C S x S be a non-empty subset. Then

29



there exists an one-to-one map of Z,(T)(B)/p onto Homa_n,(S/T¢, B/p), so the
cardinals §2,(7)(B)/p = tHoma_.,(S/T° B/p). In particular, if p = idp, then
8 Zia, (T)(B) = fHomy_a1,(S/T°, B).

Proof. By the composition of homomorphisms A < B — B/p (resp. A —
S — S/T°), B/p (resp. S/T°) becomes a natural A—semialgebra. Define a map
01 Z,(T)(B) — Homa_uy(S/T¢, B/p), P — ¢o(P),
where ¢o(P) : S/T° — B/p is defined as follows:
Write P = (by,--- ,b,) with b, € B (i = 1,--- ,n), we have a homomorphism of

semirings

Ve S = Bfp, Wy, - ) = by, -+ bn) = h(P) (Vh € 5).

For any (f,g) € T,(f(P),g(P)) € p since P € Z,(T)(B). So vp(f) = f(P) =
g(P) = vp(9), ie., (f,g) € keryp, so T C keryp, and so T C keryp. Therefore,
there is a unique homomorphism of semirings, say ¢o(P) : S/T° — B/p such that

¢o(P)on = ~p, where n : S — S/T° is the natural surjective homomorphism.

Moreover, for any a € A and f € S, ¢o(P)(a- f) = ¢o(P)(af) = vp(af) =

(af)(P) = a-f(P) = a@- f(P) = a-7p(f) = a- ¢o(P)(f), so ¢o(P) is also an
A—semimodule homomorphism, hence ¢o(P) € Homy_,,(S/T¢, B/p). By this way,

the map ¢ is given. Now let P,Q € Z,(T)(B) be two points such that ¢y(P) =

$o(Q), then for any f € S,7p(f) = do(P)(1(f)) = ¢o(P)(f) = ¢0(Q)(]) = ro(/)-

So vp = vg. If we write P = (by,--- ,b,) and Q = (c1,- -+ ,¢,), then coordinates

b; = x;(P) and ¢; = z;(Q). So b; = x;(P) = vp(x;) = vo(v:) = x:(Q) = &, and
so P = (b, ,by) = (e, -+ ,¢) = Q, i.e., P = Q € Z,(T)(B)/p. Conversely, if

P,Q € Z,(T)(B) satisfty P = Q € Z,(T)(B)/p, then obviously, vp = 7g, and so
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B0(P) = ¢o(Q). Therefore, ¢o(P) = ¢(Q) < P = Q, and so ¢, induces an injective
map

6 Z,(T)(B)/p — Homa_ug(S/T% BJp), Prs 0(P) (V P € Z,(T)(B)).

Next, we define a map

¥ Homa g (S/T¢, B/p) — Z,(T)(B)/p, 7= (),

where the point ¢(v) € Z,(T)(B)/p is defined as follows:

By composing v with the natural A—semialgebra homomorphism 7 : S — S/T°, we
get an A—semialgebra homomorphism = yon: S — B/p. Foreachi=1,--- ,n
write u; = B(x;) = v(n(z;)) € B/p, so u; = b; for some b; € B. Then we define
V() = (by,- -+ ,b,) € B"/p. We need to show that (b, ,b,) € Z,(T)(B)/p. For
this, write P = (by,--- ,b,) € B™ For any (f,g) € T(C T°),f =g € S/T¢, so
B(f) =1(n(f) =(f) = 7@ = (nlg)) = B(g). Note that f = f(z1,--+ ,za),9 =

g(x1,-++ ,x,) and f is an A—semialgebra homomorphism, we have

FB(x1), - Blan)) = B(f (21, -+ 2n)) = B(S)

I
@
—~
o)
~—

I

5(9@31’ e 7$n)) = g(ﬁ(iﬁ), e vﬁ(wnna

ie., f(by,--- ,by) = g(by, -+ ,bn) € B/p, which means f(P) = g(P),so (f(P),g(P)) €
p, which implies that P € Z,(T)(B). So the above ¢(y) = P € Z,(T)(B)/p. By this
way, the map 1 is given.

Now we consider the composition map

bog¢: Z,(T)(B)/p — Homa ag(S/T° B/p) — Z,(T)(B)/p.

31



For any P € Z,(T)(B), by definition,

(0 9)(P) = ¥(&(P)) = 1(¢o(P)) = (¢o(P)(T1), -, 60(P)(Tw))

= (yp(x1), - ,yp(zn)) = (1(P), -+ ,z,(P)) = P.

So 1 o ¢ = id is the identity map.

Also for the composition map

$ov: Homa uy(S/T, BJp) — Z,(T)(B)/p — Homs_y(S/T%, B/p).

For any v € Homyu_a4(S/T¢, B/p), write 1(y) = P for some P = (by,--- ,b,) €

Zp(T)(B). Then by definition, ¢(y) = (y(T1), -+, 7(T0)), so ¥(T) = b (i =

1,---,n). On the other hand, by definition, ¢o(P)(T;) = vp(z;) = 2;(P) = b; (i =
-+ n). S0 do(P)(E) = 4(T), and hence go(P) = 7, L., (60 )(r) = o(P) =
¢o(P) = =, which implies that ¢ o 1) = id is the identity map. Therefore, both
¢ and 1 are bijective, so §Z,(T)(B)/p = fHoma_.(S/T°, B/p), and the proof is

completed. [

Example 3.13. (1) Let A = (Z>o,+, ) be the semidomain as before, p be a
prime number, and p = mod p be the modulo p congruence, i.e., p = {(a,b) : a,b €
A,a=b (mod p)}. Let S = A[t] be the commutative semiring of polynomials in one
variable over A. Take T'= {(¢,0)} C S x S, and let o = T be the congruence on S

generated by T. By definition, we have easily that
Z,(0)(A) =Z,(T)(A) ={mp: m € Z>p}, and
(VP)a(Z,(0)(A)) = {(f,g9) € S x5 : f(0) = g(0) (mod p)}.

So for (f,9) € (/p)a(Z,(0)(A)), we have f(0) = g(0) (mod p). We may as well
assume that ¢g(0) = f(0) + mp for some m € Zxq. Then (f,g) = (tf1 + f(0),tg; +
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f(0)+mp) for some fi, g, € S. By Prop.2.21 above, we have (tf;+ f(0),tg1+ f(0)) €
R(t,0) C o C y/o. Note that f = tfi + f(0) and ¢ = tg1 + f(0)(mod p), in
other words, f = tf; + f(0)(modp) and g = tg; + f(0)(mod p), so by definition,

(f,9) € (\/o/p)e, and so (/p)a(Z,(0)(A)) C (y/o/p)e. Therefore, by Prop.3.9

above, the equality holds, i.e., (y/o/p)°

||
3
=
N
S
=

(2) As discussed in (1) above, Z,(T)(A) = {mp : m € Zxo}, so Z,(T)(A)/p =
{0}. On the other hand, S/T¢ = S/o = A = Zs> because (t,0) € o. Note that
A/p =10, ,p—1}, so Homa_,,(S/T¢, A/p) = Homa_a4(A, A/p) = {¢}, where
¢:A— A/p, 1+ 1. Hence $Z,(T)(A)/p =1 = tHoma_,,(S/T¢, A/p), the same as

shown in Theorem 3.12 above. [

Remark 3.14. This paper is a revised version of the early one [18]. I thank the
anonymous experts for pointing out another useful equivalent form of the radical of
congruence in Definition 2.9 above, which help me to simplify the early version [18,
Prop.2.12, 2.13] of the results and proofs about radical and nilpotent congruences.
I also thank the anonymous experts for their useful list of many related papers
on tropical geometry and universal algebraic geometry, that might stimulate me in

further study concerning with this work.
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